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Abstract. In this note we consider the algebra Uq{slao) and we study 
the category O of its integrable representations. The main motivations 
are applications to quantum toroidal algebras Uq{sl';^^i), more precisely 
predictions of character formulae for representations of hlq{sl^Ji^i). In 
this context, we state a general positivity conjecture for representations 
of lAq{slao) viewed as representations of Uq{sll^^i), that we prove for 
Kirillov-Reshetikhin modules. 
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1. Introduction 
Consider the Dynkin diagram X„ of type An- 



There are two limits of Xn when n — )• +oo. The infinite Dynkin dia- 
gram X+oo 

• • • • 
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and the infinite Dynkin diagram X^o- 



The corresponding infinite dimensional Lie algebras s/+oo and s/qo are 
defined by using the Serre presentation with an infinite root system, as 
in [Kac] . The corresponding quantum groups Uq{sl+oo) and Uq{sloo) are 
defined in the same way, and can be considered as limits of Uq{sln+i) when 
n ^ CO. Such quantum groups and related structures have been studied by 
various authors (see for example [EKl IFM2[ UH IJMMOt ILSj and references 
therein). 

Now let us consider the analog problem for the quantum affine algebras 
lAq{sln+i)- In opposition to the previous case, there is no obvious limit of 
the Dynkin diagram Xn^ of type A^'^ when n — )• oo. 




The aim of this note is threefold. First we aim at defining the "limit" 
Uq{sloo) oiUq{sln+i) whcu Ti ^ CO. Then, by studying the representation 
theory of Uq{sloo), we get candidates for character formulae of represen- 
tations of quantum toroidal algebras. This is stated in a precise positivity 
conjecture. Finally, we prove this conjecture for an important classes of 
representations, that is Kirillov-Reshetikhin modules. 

Let us explain this in more details. We first view Uq{sln+i) as a quan- 
tum affinization of Uq{sln+i), that is, we use the Drinfeld presentation of 
lAq{sln+i) [HI E]- Then we propose naturally to define the limit algebra 
Uq{sl oo) as a quantum affinization of hlq{sloo) , in the spirit of |NakH iHlj . 

We study the representation theory of Uq{slao)-, or more precisely of 
its quotient the quantum loop algebra Uq{Csloo)- As for quantum affiniza- 
tions with a finite Dynkin diagram, the simple integrable modules in the 
category O are parameterized by Drinfeld polynomials, and we can define 
various families of representations such as Kirillov-Reshetikhin modules. 
The structure of these representations can be described by using the rep- 
resentation theory of usual quantum affine algebras Uq{sln+i) (Theorem 
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13.81 and Proposition I3.1ip . We derive (g)-character formulae for Kirillov- 
Reshetikhin modules ollAq{sloo) (Theorem I3.14p . 

Our main motivations are applications to quantum toroidal algebras 
^q{sl^n+i)-: that is quantum affinizations of quantum affine algebras. Indeed, 

lias a family of Dynkin diagram automorphisms given by shifts. 



The corresponding quotients are the diagrams Xn ■ Such situations oc- 
cur in the context of twisted quantum affine algebras, whose underlying 
Dynkin diagram is obtained from an automorphism of the Dynkin diagram 
associated to a simply-laced untwisted quantum affine algebra (details on 
this analogy will be given in the paper). By using arguments of |H5j . this 
allows us to relate the representation theory of Uq{sloo) to the represen- 
tation theory oiUq{sl^^^), that is to predict character formulae for repre- 
sentations oi Ug{sl^^^i) from the representation theory of Uq{sloo) (which 
is better understood !). For example we get explicit (g)-character formulae 
for Kirillov-Reshetikhin modules of lAq{sl*°^i) in Theorem 14.21 (this result 
was announced in [H6]). 

Let us explain this more precisely. In [114], the author had estab- 
lished a characterization of q-characters of Kirillov-Reshetikhin modules 
of 'Uq{sP'^i). But in general, it is not clear how to extract an explicit for- 
mula from such kind of characterization. For example, there is no known 
formula for fundamental representations of general quantum affinizations, 
although the characterization also holds [H4j. A point is to find candi- 
dates for character formulae. The idea of the present paper is to study first 
the representation theory oilAq{sloo) '■ explicit formulae for g-characters of 
Kirillov-Reshetikhin modules are first established for Uq{sloo) (from quan- 
tum affine algebras of type A). Then, this gives a candidate for an explicit 
formula in the quantum toroidal case (by " twisting" ) . After having written 
the formula, we check that it satisfies the combinatorial characterization, 
hence we prove the formula. 

Note that it is most probably possible to prove also some results of 
this paper, especially for quantum toroidal algebras, by using geometric 
approach (see references in [Nak2| ) . But our aim is to emphasis the relations 
between Uq{sloo) and quantum toroidal algebras with direct methods. 

In the spirit of this paper, notice that an arbitrary integrable repre- 
sentation in the category O for s/qo has an action of sln+i compatible with 
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characters (Proposition IS.lj this is also related to the study of the Fock 
space |JMMOt IVVt iTU] ). This observation in the classical case naturally 
leads to conjecture an analog statement for representations of Uq{sloo)- In- 
deed, we prove that it can be seen as a representation of Z//q(s/J;°f which 
is a priori virtual, and then we conjecture that it is an actual representa- 
tion. This is a positivity conjecture (Conjecture 15. 3p . Our results imply this 
conjecture for Kirillov-Reshetikhin modules. 

Acknowledgments : The author would like to thank Edward Frenkel 
for its comment in Remark 1 5. 2 i 



2. The algebra Uq{sloo) 
First let us give some definitions. 

We consider C = {Cij)ij£z the infinite Cartan matrix associated to 
the infinite Dynkin diagram X^o, that is for i,j € Z satisfying i — j ^ 
{—1, 0, 1}, we set 

(1) Ci,i = 2 , Cj,j+i = Ci+i,j = — 1 , Cij = 0. 

g € C* is not a root of unity and is fixed. For I € Z and < A; < s, we set 



Definition 2.1. The algebra Uq{sloo) is the algebra defined by generators 
xf^ (i,r € ZJ, kf^ (i ^TL), hi^m (i € Z,m & Z \ {0}), central elements 
c^^/^ and relations (i,j G Z, r,r',ri,r2 G Z, m,m' G 1^) : 



[ki,kj] — [ki, hj^jYi'\ — , [hi^rmhj,m'] — ^m,—m' 



[ma,j]q (c- - c— ) 



m I 



kiX- k^ —q ^'^x- , [hi^rmXj ] — it [mCij]qC ' ''^ x-^,^, 

(r-r')/2^+ _ -(r-r')/2 , - 

L-^i.r' -^i r'i ~ 



i r' i r'i *J —1 ' 
1,1 j,r q _ q I 

/y — ^ /y — ^ 'y — ^ /' j ^'y* — ^ /-y* ^y I /y — ^ /y — ^ /y — ^ 

+^tr2^tri^tr " + 9"^)^*>2^J>^*>1 + ^j:r^*>2^*>i = ^ ^ - 3 ^ {"1, 1}. 



m>0 V m'>l 



THE ALGEBRA Uq{sl^) AND APPLICATIONS 



5 



Remark 2.2. These defining formulae are obtained from the general frame- 
work of quantum affinizations (see |Hlj and references therein). The last 
two relations are analogs of Serre relations. 

The subalgebra generated by the kf^, xf = xf^ {i S Z) is isomorphic 
ioUq[sloo)- Let J = [a, h\ C Z. Then the subalgebra Z^j oiUq{sloo) generated 
by the xf^^ {i e J, m £ Z), the kf^ {i E J), the hi^r [i e J, r £ Z\ 
{0}) and c^^/^ is isomorphic to the quantum affine algebra Uq{slh^a+2)- 
Its subalgebra Uj generated by the xf and the kf^ {i G J) is isomorphic 
to Uq{slij_a+2)- The quotient of Uq{sloo) by the relation c^-*^/^ = 1 is the 
quantum loop algebra Uq{Csloo). 

Let Uq{sloo)^ be the subalgebra of Uq{sloo) generated by the xf^ 
{i,m G Z) and Uq{[)) the subalgebra of Uq{sloo) generated by the kf^ 
(i G Z), the hi^r (i G Z, r G Z \ {0}) and c^^^^. Then we have the fol- 
lowing triangular decomposition. 

Proposition 2.3. We have an isomorphism of vector spaces 

Uq{sloo) ^ Uq{.d oc)' (g)Uq{[)) (g)Uq{sl co)^ . 

Proof: When J C Z is finite, an analog result is well known for the subal- 
gebras 

Uj ^Uj ^Uq{ij)(^UJ 

with Uf = Uj r\Uq{sloo)^ and Uq{\)j) = Uq{^)nUj (see f^). Consider the 
multiplication map 

Uq{sloo)~ ®Uq{^)®Uq{sl^y Uq[sl^). 

By using the defining relations of the algebra Uq{sloo), this map is clearly 
surjective. The injectivity is a direct consequence of the result for the Uj 
mentioned above, as 

Uqisloc)' ^Kq{^)(E)l(q{sloo)^ = |J Uj(^Uq{t)j)^UJ. 

J(Zl, J finite 

□ 

Remark 2.4. The image Uq{C\)) ofUqifc)) inUq{Csloo) is commutative. 

3. Representations of Uq{sloo) 

We remind standard results on the representation theory Uq{sloo) C 
Uq{sloo)- Then we study representations oiUq{slao) by using the represen- 
tation theory of quantum affine algebras Uq{sln+i)- We deduce a character 
formula for a class of representations called Kirillov-Reshetikhin modules. 
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3.1. Representations of i^q(s/oo)- First let us remind standard definitions 
(for instance, see [Kacl ICP] and references therein). 

Let P = ©jgg ZAj where the Aj are the fundamental weights. For 
i G Z, we have the simple root 

Oi = 2Ai - Ai+i -Ai-ie P. 

Let P+ = ©.g^NAi C P and Q+ = Ei^i^^i- 

First let us remind known facts about the representation theory of 
Uqisloo)-, which are very similar to results for Uq{sln+i)- For V a represen- 
tation of Uq[sloo) and u = X^ie/ ^ weight space Vy is : 

Vy = {v e V\ki.v = q'^'v^Mi G Z}. 

We say that V is f)-diagonalizable if y = 0^gp Vi, and Vy is finite-dimensional 
for any v ^ P. For such a representation, we can define its character as the 
formal infinite sum 

X(F) = j;dim(VA)e(A), 

AeP 

where the e(A) are formal elements depending on A G P. Let us define the 
category O as in |Kacj . 

Definition 3.1. V is said to be in the category OifVis \]-diagonalizahle 
and if there are Ai, • • • , Xn G P such that 

j=l-N 

A representation V is said to be of highest weight A G -P if there is u G Vx, 
called an highest weight vector, satisfying lAq{sloo)-v = V and xf .v = {) for 
any i G Z. 

Lemma 3.2. For V of highest weight A with highest vector v, we have 

n>0 

As a consequence V is in the category O. Moreover, if V is simple, then 
for n > 0, „]f is simple as a U[_^n,n]-^odule. 

Proof: The first point follows from Uq{sloo) = IJn>o^-",n]• Fach 
is clearly of highest weight. From the well-known structure of highest weight 
modules of ~ ^g('S^2(n+i))) ^ is fl-diagonalizable. Moreover, V = 

Uq{sloo)~ -v where Uq{sloo)~ is the subalgebra oiUq{sloo) generated by the 
x~ (i G Z). Hence a weight u £ P such that / {0} satisfies G A — Q~^. 
So V is in the category O. 
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Now suppose that V is simple. Then there is no highest weight vector 
in y \ Cv. For w G (U[-n,n]v) \ Cv, we have J2i^[~n n] ^^f'^ = for weight 
reason. So if w is of highest weight in U[_n^n]V, then w is of highest weight 
in V, contradiction. So U[_n^n]'v is simple. □ 

By standard highest weight theory arguments, for each A € P, there 
is a unique simple highest weight module ^(A) of highest weight A. These 
are the simple objects of the category O. 

Definition 3.3. V is said to be integrahle ifV is tj-diagonalizable and if 
Vu±Na, = {0} for alli^ e P, N »0, i £Z. 

Theorem 3.4. The simple integrahle representations of Uq{sloo) in the 
category O are the V{X) where A G . 

This is a well-known result, we give a proof for completeness (and as 
analog arguments will be used later). 

Proof: First such a representation ^(A) is in the category O by Lemma 
13.21 Let f be a highest weight vector of ^(A). For v ^ P and i G Z, by 
Lemma [3^ there is n > such that |i| < n and Vy C Uy-n,n]V- Moreover 
^_n,n]'f^ is a simple „]-module by Lemma [3.2[ Then for any > 0, 
yu±Na^ C U^-n,n]V- Hencc, from the result for (see for example [L]). 

we get Vy±Nai — {0} for >> 0. So V is integrahle. 

Now for V a simple integrahle representation in the category O, there 
is A = X^jg^ njAj G P such that V ~ ^(A). Then for each i € Z, we have 
nj > from the analog result for Z^jj} ~ Uq{sl2) (?^^Aj is the highest weight 
of an integrahle Z/^g(s/2)-niodule). So A G P^. □ 

Note that, in opposition to the case of Uq{sln+i), the algebra Uq{sloo) 
has simple integrahle representations which are not highest of lowest weight. 
For example, consider the following representation, inspired by Kashiwara 
extremal representations [Kas] . We define the action of Ug{sloo) on V = 
0jg2C?;j by the following formulae {i,j G Z,) : 

ki.Vj = q^^'^~^^'^+^Vj , xf.Vj = 5ij+iVi , .Vj = 6ijVi+i. 
This representation is clearly simple and integrahle, and 

x{v) = ^e{K-K.,). 

In particular V is not in the category O. 

3.2. Representations of Uq{sloo)- We give various definitions and results 
mimicking [Ml INakH IHlj for quantum affinizations. We focus on represen- 
tations with a trivial action of c^2^ that is representations of Uq{£sloc,)- 
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Definition 3.5. A representation ofhlq{sloo) is said to be integrable (resp. 
in the category O) if it is integrable (resp. in the category O) as aUq{sloo)- 
module. 

Let Oint be the category of integrable representations of Uq{sloo) in 
the category O. Let Spec(Zig(£f))) be the set of algebra morphisms 

7 : l^qW ^ C 

satisfying 7(0^2) = l and 7(A;j) G for any i G Z. 

For 7 G Spec(Z^q(£f))), we define uj{'j) = X^ie/'^*^* ^ ^ where the 
n, G Z are set so that j{ki) = q"'\ 

Definition 3.6. A representation V of Uq{sloo) is said to be of I -highest 
weight 7 G Spec{Uq{C\))) if there is v ^ V \ {0} (called l-highest weight 
vector) such that 

i) V = Uq{sloo)~ -V, 

a) for any h G Uq{l)), h.v = j{h)v, 
Hi) for any i € I,m € Z, xf^^.v = 0. 

For any 7 G Spec(Uq{Cl))), we have by Proposition 12.31 a corresponding 
Verma module M('y) of Z-highest weight 7. By standard arguments, it has 
a unique simple quotient ^(7). 

Lemma 3.7. Let be a l-highest weight vector of L{^). Then 
Lil) = y Lnin) where Ln{l) = U[-n,n]'^i- 

n>0 

Proof: As in Lemma 13.21 we get the result from 

Uq{sloo) = y U[-n,ny 
n>0 

□ 

In opposition to the case Uq{sloo) in Lemma [3.21 the representation 
L(7) is not necessarily in the category O (see [HI. Lemma 4.11]). However, 
we have the following. 

Theorem 3.8. The simple objects of Oint <ire the L('y) such that there is 
{Pi)i^z G (1 + uC[u])^'^^ satisfying for z G Z the relation in C[[z]] (resp. in 

Each Ln{^) is a simple finite dimensional U\_n ^ymodule. 
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Here the notation (1 + mC[u])*-^^ means that only a finite number of 
Pi are not equal to 1. The Pi are called Drinfeld polynomials of ^(7). 
Proof: The fact that the Lni'j) are simple is proved as in jH2l Lemma 5.9] : 
for V G Lni'j), we have Z]i^[-n,n],mez ^t,m'" = weight reason. So if it is 
not of highest weight in .^(7), there is i € [— n, n], m € Z so that xf^^v ^ 0, 
hence v is not of highest weight in L„ (7) . Now from the form of 7 given in 
Theorem 13. 8( Lnij) is finite dimensional by [CPl Theorem 12.2.6]. Now we 
can check as in Lemma [32] that ^^(7) is in the category O, and we conclude 
as in the proof of Theorem 13.41 by using Lemma 13.71 □ 

Example : Let A; > 0, a € C*, i E Z, and consider 7^*^ G Spec(^/g(£[))) 
associated to the Drinfeld polynomials 

p \ _ [ (1 ~ ua){l - uaq^) •••(!- uaq^^^~^^) for j = i, 
•''^'"^"[l forj/i. 

^ka ~ -^(7fe*a) called a Kirillov-Reshetikhin module. 

Remark 3.9. Note that for n > 0, -^^n(7^*a) is a usual Kirillov-Reshetikhin 
module ofUq{sl2(n+i))j ^hat is it can he constructed from the simple Uq{sl2(n+i))- 
module of highest kAi by using a Jimbo evaluation morphism tlq{sl2[n+i)) ~^ 
Uq{sl2{n+i)) (see for instance \CF\). In particular each Ln{'^^^\) is simple 

as a representation of U[^n,n] — ^qisl2{n+i)) > hence wji^'l is simple as a 
lAq[sl 00) -module (although a priori it is not clear, at least for the author, 
how to define an evaluation morphism lAq{sloo) Uq{sloo))- 

3.3. Characters. Let V in Oint- From Remark 12.41 we have 

7GSpcc{W,{£l))) 

where = {v V\3p > 0, V/i G Uq{i)), {h - -f{h)f.v = 0}. 

We have Vy C that is we get a finer decomposition than the decom- 

position in weight spaces. We define the g-character of V as in |FR] 

XqiV) = Yl dim(y^)e(7), 

7GSpec(W,(£h)) 

where 6(7) is a formal element. The formal sum Xg(^) belongs to £ which 
is defined |Hlj as the group of formal infinite sums Yl-y ^76(7) such that 
1) for any A G P the set {7|n^ / , ^^(7) = A} is finite, 
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2) there are Xi, ■ ■ ■ , Xp G P such that 

{a;(7)|7,n^/0}c \J (A, - 
j=i---P 

We get an injective group morphism 

Xq : Rep{Ug{sloo)) £ 
where Rep(Z//g(s/oo)) is the Grothendieck group of Oint- 
Remark 3.10. // we replace |FRj each 6(7) by uj{'y), we get x(^) from 

For J C Z finite and V a finite dimensional representation of Uj, we 
have Xq{V) € 0^:Wjnw,(h)^c ^'^(^) ^^^^^ g-character. 

Let V in Oint- Let n > 0. Let us write the (usual) ^-character of V[_n^n] 
as a „]-module 

Xg(V[_„,„]) = ^76(7)- 

7,a;(7)=A„ 

Each 7 : U[_n,n] ^^gi^) ~^ C can be extended to a unique algebra morphism 
7 G Spec(^/g(/3P))) by setting 7(/ij,r) = 0, 7(A:i) = 1 for |i| > n, r 7^ 0. Let 
X £ P and consider the image of A in the weight lattice of U[_n^n\ ■ We 
get an element 

7,tj(7)=A„ 

Proposition 3.11. For each X £ P, the sequence {Xq,x,n(y))n>o € £^ is 
stationary when n — >■ 00. Let Xg,x{V) be its limit. Then 

XgiV) = YxgAV)- 
AGP 

Proof: Let A € P. From Lemma 13.71 there is n > such that Vx C V[_n^n]- 
Moreover there is n' > n such that X, n G Yl-n'KjKn' where ^ is the 
highest weight of V . Now for any N £% such that |A^| > n', we have 

for any r 7^ 0. Besides the action of /iat^^ on is and the action of fcjv is 
the identity. So this is the same on V^. This implies that 

XgXN{y) = X,,a(V^) = dim(y^)e(7). 

{7eSpec(W, (£())) IV^CVa} 

□ 
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Corollary 3.12. Let V in Omt and 7 G Spec{Uq{Ci))) such that Vy 0. 
For any i € there are Qi{z), Ri(z) € C[z] with constant term equal to 1 
such that 

^^^^^ ^^"^ Q^izq)Mzq--^y 

Proof: The result is known |FRj for the quantum affine algebras Uq{sln-\-i)- 
Hence the result follows from Proposition 13.111 □ 
So, as in [FRj . we can define the monomial = Yliei aec* ^ta" '^here 



6(7) is also denoted by m^. 
For i G Z let 

= Z[y.,a(l + A~a,)' Y^aU€',^^ where A,,, = l^.,a,-i^.,a,l^,;l,,l^-},,. 

Corollary 3.13. For V in Omt and i G Xgi^) £ £ is an infinite sum 
of elements in ^ . 

Proof: The result holds for the subalgebras Uj when J is finite by (FRj 
IFMlj . and so the result follows from Proposition 13.111 □ 
Note that there are simple integrable representations ofUq{sloo) not in 
the category O with ^-character satisfying the condition of Corollary 13.131 
For example, let V = ©jg^ Cvi. We define the action of Uq{sloo) by (r € Z, 
m > 0, i, j G Z) : 

_|_ r. VI j — r T'? 

(t>t±m-^i+j = H^jfl - Sj,l){q - q-^)q^'^'vi+j, 

kf.Vi+j=q^^^^'"'^^^'^Vi+j, 
This representation is clearly simple and integrable, and its g-character is 

x,(^) = EHi' 

where for a G C* and a G Z we set | a \ ^ = Y~\ ^^cY^ g^ga-i . 

3.4. A character formula. For /, J C Z, a tableaux {Ta^i3)aei,i3eJ is said 
to be semi-standard if it has coefficients in Z which increase relatively to /3 
and strictly increase relatively to a. 

Consider z G Z and k >0. Let Ti^k be the set of semi-standard tableaux 
(Ta^l3)a<i,i<t3<k such that for any 1 < /3 < k, T^^p = a for a << 0. 
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Theorem 3.14. We have the following explicit formula 



i,k 



where nix = 

a<i,l<IS<k 









nq 



„i-l + 2(/3-a)' 



Proof: ExpUcit g-character formulae are known for Kirillov-Reshetikhin 
modules ofUq{sln+i), see the various references in the introduction of 
(for instance [FM2| ). We get 

X.((<i)[.-n.+n]) = E n 



T&T^"} a<i,l</3<fc 









aq 



„i-l+2{P-a) ' 



where T^"^ is the set of semi-standard tableaux {Ta^i3)i-n<a<i,i<p<k with 
coefficients in [i — n,i + n + 1]. In this formula, for 6 € C* we have set 

Now the result follows from Proposition 13.111 □ 
Note that the highest monomial of the right terms is obtained for 
To = {a)a,i3- Indeed, we get 

l<l3<ka<i ' l</3<fc 

{{) 

which is by definition the highest monomial of ^. 

4. Application to quantum toroidal algebras 

The quantum toroidal algebra Uq{sl*^^i) {n > 1) were introduced in 
|GKV] (see also \T\J\ IVV] and the references in the review paper |H6] ). 
One of the main motivation for their study are connections to double affine 
Hecke algebras jCj. The aim of this section is to explain how the represen- 
tation theory of Uq{sloo) can be used to predict ((jr)-character formulae for 
representation of Uq{sl^°^i). This is, with Coniecture 15.31 one of our main 
applications to the representation theory oi Uq{sP'^i) . 

Let us recall the definition of quantum toroidal algebras. Let /„ = 
Z/(n+ 1)Z. 

First suppose that n > 2. The matrix C = {Cij)ij^i„ is defined as 
above by formula ([1]) with i,j G /„. The algebra Uq{sll^i) is defined by the 
same generators and relations as in Definition 12.11 with i,j G In- 

The quantum toroidal algebra hlq{sl^2^) requires a special definition. 
Consider the algebra Liq{sl^2^) defined by generators x'^^^xf^ (r € Z), 
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k^^, kf^, hi^m, ^o,m (m € Z — {0}), central elements c^^/^ and relations 

[2m] g c™ — c"™ 
m q — 

\u /, l-A -2[m\^d--c-'^ . 

[ili^m: 'I'j.ni'l — ('m,—m' i H ^ 7^ Ji 

m q — q ^ 



2 

m " 

')/2^ . ^ 



(2) C(^) 



where <pfiz) = j;</.J±„z±" = A;±iexp(±(g - q-') ^ 

m>0 m'>l 

Then Uq{sl^) is a quotient of Uq{sl2°^) : as for other quantmn toroidal 
algebras, there are additional relations (analog to Serre relations) involving 
generators xf^ (resp. We do not write them because, as for usual 

highest weight theory, the simple integrable representations in the category 
O are the same for Uq{sl^^'') and Uq{sl^^''). 

Remark 4.1. We use here the definition of hlq{sl^^) as in [Nak2| . that is 
we use the quantized Cartan matrix 

'q + q-^ -2 
-2 q + q-\ 

This is different than other possible quantized Cartan matrices such as 

q + q-^ -iq + q-^)\ ( q^ + q'^ -{q + q'^) 
-{q + q'^) q + q~^ ) ' \-{q + q'^) q^ + q^"^ 

The first one is obtained by extrapolating the formulae in |FRj and is used 
for example in |Nakl| . but is not invertible, and the second one is used for 
example in |H4j . The matrix C{q) in formula (0j is introduced in [Nak2[ 
Remark 3.13]. As it allows to state uniformly the results of this note, this 
is another indication that C{q) is natural to define Uq{sl^f'^). 

Let us go back to the general quantum toroidal algebras Uq{sl*j^i). 
The subalgebra Uj^ of Uq{sl*°^i) generated by the xfQ, kf^ for i G I„ is 

isomorphic to the quantum affine algebra Uq{sln+i)- 

We can define as above g-characters depending on variables Y^^^ {i G 
IniCL G C*) for integrable representations in the category O with value in 
a group £n (see |H6] for references and details when n > 2; the definition 
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are the same when n = 1). The Kirillov-Reshetikhin modules W^*^ are 
also defined in an analog way (it should not be confused with the Kirillov- 
Reshetikhin module W^^l^ for Uq{slaa))- 
Consider the ring morphism 

defined, for i S Z, a € C*, by 

4>n{Yi,a) = y[i],a 

where [i] is the image of i € Z in /„. This morphism gives rise naturally to 
a ring morphism 4>n '■ Im(xg) — £n- 

We define the A^^a for Uq{sl^^i) with the same formula as for Uq{sloo) 
when n>2. For Wg(sZ|°''), we set Ar^a = Y^^^q-iYr^aqY'^i^^. 

A monomial m is said to be dominant if it involves only positive powers 
of the variables, that is m G 'L\Yi^a\i&in,a&c* ■ 

Theorem 4.2. Let i (z In, a G C*. For j ^'L such that [j] = i, we have 
X,(W« ) = 0„(x,(<l)) = <^n{mT). 

The two right terms are equal by Theorem 13.141 So the q'-character 
formula for W^^^ is a priori conjectured from the representation of Uq{sloo)- 
It is a first example of the relation between the two representation theories. 
Note that it also provides a relation between the representation theory of 
the quantum toroidal algebras Uq{sl^°^i) for various n (as, in the formula, 
only (f)n depends on n). 

Proof: From [H4;, Theorem 6.14], is characterized by the following 

properties 

i) it is an infinite sum of elements in Z[{Yr^a{l + A-;}^q) ,Y^^^\ 
for each r € In, 

ii) the highest monomial rriTQ is its unique dominant monomial. 
(This is proved in |H4j when n > 2, but the proof is the same for Uq{sl^)). 

Hence it suffices to prove that 4'n{Xg{Wka)) satisfies these properties. 

For the first point, let r € In- We have seen in Corollary 13.131 that for 
each R £ Z such that [R] = r, Xgi^^^l) is a sum of elements in 

z[(y^,„(i + yi-;„^),y±y,gc*,i?Y«- 

So Xgi^k l) is a sum of elements in 

Zi[(yR,a(l + A]:i^^^),Y^,^JaeC*,R,R'€Z,[R]=i,[R']j^i- 
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Hence the result. 

For the second point, consider T G Tj^k \ {Tq}- We have 

rriT = mTo^r]^2fc-i^ 

where S is a product of various A~^^_j^ where s G Z. Let S be the maximal 
of all such s and of 2k. Then the Yj^g occurring in rriT have negative powers, 
and so rriT is not dominant. For the same reason, (pni'^^T) is not dominant. 

□ 



Remark 4.3. For k = 1, explicit formulae have been proved in Nag 



Let us explain the analogy of this result with the study of twisted quantum 
affine algebras Uq{Q'^) in [H5 ]. The algebra Uq{Q'^) is associated to a simply- 
laced quantum affine algebra Uq{Q) and to a non trivial automorphism a 
of the underlying finite type Dynkin diagram. One of the main results 
of [H5] is that the twisted q-character of a Kirillov-Reshetikhin module 
of lAq{Q'') can be obtained from the g-character of a Kirillov-Reshetikhin 
module of Uq{^) by using a certain projection of the variables Yi^a- The 
situation studied in this paper is analogous, with Uq{sloo) playing the role 
of Ug{Q) and Uq{sl^J^i) playing the role of Uq{Q'^) : we have a non trivial 
automorphism Tn '■ i i + n -\- 1 of the Dynkin diagram • The map (pn 
corresponds to the projection of variables in this case. 

Corollary 4.4. ^ is not simple as a -module. 

Proof: First suppose that n is odd. Let M be the highest monomial of 
>VMandA = A;A,-E,^,^ai.Then 

dim((>vgi)A) = n + 1. 
Indeed from Theorem 14. 21 this weight space corresponds to the n monomials 

-^A,g2fe-i(-4._(_\^^g2fc • • • ^j+j,ag2fe+i-l)(A-l,ag2fc ' ' ' A-j'.a^^fe+i'-l ) 

where j + j' = n, < The monomials for j — 1 = j' = {n — l)/2 

and j' — 1 = j = {n — 1) are the same. But this monomial occurs with 
multiplicity 2. The simple module L of Uq of highest weight kAi satisfies 
dim.{L\) = n. 

Now suppose that n is even. Let A = kAi — 2 J2jei„ Then 
dim((>vi'i)A) = 2n + 2 + (n + l)(n + 2)/2. 
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Indeed from Theorem 14.21 this weight space corresponds to the 2n + 1 + 
(n + l)(n + 2)/2 monomials 

-^A.gZfe-ll^j+l^aga* ' ' ' "^i+i,ag2fe+j-i ) (^i-l,ag2fc ' ' ' "^i-j',aq2fc+/-i ) 

where e G {0, 1}, < / < j, < /' < /, j + f + e + I + 1' = 2n + 1, 
(e = ^ I = I' = 0), {e = I ^ I + f = I + j = n). 

The term 2n+l corresponds to the case e = 0, and the term (n + l)(n+2)/2 
to the case e = 1 as we have to count the number of couples satisfying 
< j, j' < n and j + j' > n 

The monomials for e = 0, j' — l=j = n and j — 1 = j' = n are the same. 
But this monomial occurs with multiplicity 2. 

The simple module L of of highest weight kAi satisfies dim(LA) = 
2n + 1 + (n + l)(n + 2)/2. □ 

(i) 

Remark 4.5. In particular the module ^ can not be obtained by evalu- 
ation from a representation ofU^ (compare with Remark \3. 9\) . 

For example consider lAq{sl]^^) and VVj^^^ The first terms of the (/-character 
as computed in [H6] are Yq,! + yo7g2^i.9^3,g + ^37^^^1,9^2,92 + ^^7^^^2,9213,9 + 

^2794 ^1 . + ^17/^3 ylq2 y^^qZ YQ q2 +Y~^^ 13,9^3,93 +^1 ,9^179^ ^0,9^ +^079* ^2,q^ + 

2 X 1^2,92 y2~94 ^0,92 + ■^3~q5 ^3,9^0,94 + • • • • The 4 monomials (with multi- 
plicity) corresponding to the weight A = Aq — ao — ai — 02 — «3 are 

Y^,qY-^\Yo^q, + 2 X y2,92i"2794 W + n795^3,9i"o,9^ • 

5. POSITIVITY 

In this section we address several natural questions related to the re- 
sults of this note. In particular we write a general conjecture extending 
Theorem 14.21 (Conjecture 15. Sh . 

The algebra sl^o has weight lattice P and we can define its category 
Oint as for lAq{sloo)- There is a connection between the representation theory 
of and of the affine Lie algebras sln+i- 

We have a natural projection map 4>n '■ P ^ Pn where P„ = X]ig/„ '^^i 
is the weight lattice of s/n+i : for i ^"Lwe set (j)n{A.i) = A[j]. The map (pn 
is naturally extended to characters of objects in the category Oint of s/qo- 
But we can not get direct character formulae as we did in Section [H 

For example, consider the integrable simple representation L of s/4 of 
highest weight Aq (in the standard sense, that is with respect to Chevalley 
generators). For A = Aq — ao — "-1 — ai — 012-, we have dim(L;j) = 3. 
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But (p~^{X) contains the following weights : Aq — ao — a-i — 0-2 — «-3, 
Aq — Q;o— CK-i — Q:_2— Q;i, Aq — oq — Q!i— 0:2— Q!_i, Aq— 0:0 — 0:1 — 0:2 — 0:3. Each 
of them corresponds to a non trivial weight space in the simple integrablc 
representation L' of sloo of highest weight Aq. So cpnixi^')) Xn{L) where 
Xn is the character map for sln+i- 

However, we clearly have (;/!)„ (Im(x)) c Ini(xn) by using the charac- 
terization with the Weyl group action. So for V simple in Oint for sl^o, we 
have a decomposition 

MxiV)) = Y.nwXniW) 
w 

where the sum is over the isomorphism classes W of simple integrable rep- 
resentations of sZ„+i in the category O. The nw G ^ and 4>n{x{^)) is the 
character of a representation of sln+i, which is a priori virtual. But we have 
the following positivity result. 

Proposition 5.1. (pnixi^)) character of an actual representation of 

sln+i, that is, for any W , we have nw > 0. 



Proof: Consider the formal infinite sum of elements of sloo for i ^ In 

= Xl^i+(n+l)r ' ^» ^ hi+(n+l)r- 

Then consider V simple in 0{-at for sloo- Then xf,hi make sense as operators 
on V : for weight reason, for each v £V, only a finite number of the terms 
of the infinite sum have a non zero action on v. Then it easy to check that 
they satisfy the relations of sln+i ■ The less obvious relations to be checked 
are the Serre relations. First suppose that n > 2. For z G Z, we get 

[^[i]+l' [^[i]+l'^[i]]] = X/ [^i+l+(n+l)r' [^i+l+(n+l)r'' [^i+(n+l)r'']]] 

^ ^[^i+l+(n+l)r' [^i+l+(n+l)r' [^i+(n+l)r]]] ^ ^■ 

reZ 

Now suppose that n = 1. We get 

[™H~ To^"^ Tt*"^ /y>~l~ 111 — [t*"^ Tt*"^ Tt*"^ 1 

•^\i]+V L-^W+l' -^[ijlJi ~ l-^i+l+2r' L'^i+l+2r" L'^i+l+2r" ' '^i+2r"'J. 

r,r',r",r"'£Z 

— ^ [^i+e"+2r' [^i+e'+2r' [^i+e+2r' ^i+2r]]] 

reZ,e,e',e"G{l,-l} 

~ ^ [^i+e"+2r' [^i^e+2r' [^i+e+2r' ^i+2r]]] 

reZ,£,e"e{l,-l} 
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'^i-e+2r' L-^i+e"+2r' l'^i+e+2r' •^i+2r 



rgZ,e,e"e{l,-l} 

~ ~ [^i+e+2r' [^i'^e+2r' [^f^e+2r ' ^i+2r]]] ~ ^• 

rGZ,eG{l,-l} 

So we get an action of sln+i on V, and the character of this representation 
is precisely (pn{x{V)). □ 

Remark 5.2. Analogs of the operators xf ,hi are considered in [JMMOt 
Proposition 3.5] for Fock spaces. Moreover, it was pointed out to the author 
by Edward Frenkel that there is a simple reason for these operators to satisfy 
the relations of sln+i- Let V he the natural n- dimensional representation 
of sin- Then sln[t^^] acts on V[t^^]. By choosing a basis of weight vectors, 
V[t^^] can be identified with C[t^^] and we get a Lie algebra morphism 
\I' : s/nji^"*^] — )• s/(C[f^^]). Here s/(C[i^^]) can be seen as a completion of 
sloo- This map ^ is precisely given by the explicit formulae considered in 
the proof of the Proposition \5.1[ 

This result leads to a natural positivity conjecture in the context of the 
results of this note. Let F be a simple representations in Oint for Uq{sloo)- 
Then we can prove as in Theorem 14.21 that (j^niXqi^)) is the g-character of 
a representation of Uq{sl^^i), which is a priori virtual. 

Conjecture 5.3. <Pn{Xq{^)) "^s the q-character of an actual representation 

o/^«KTi)- 

A priori this Conjecture can not be proved as Proposition 15.11 as there 
is no obvious action of Uq{sl^j^i) on V, as far the author can see. How- 
ever, Theorem 14.21 gives a proof of this Conjecture for Kirillov-Reshetikhin 
modules. 

In general, the corresponding (conjectural) representation of 
will not be simple. For example consider V of highest monomial 10,1^2,5" • 
Then Xqi^) contains the monomial yo,iy2,ij4^o g^lj q^^Z^ qi' This follows 
from Theorem 13.111 as for the sub quantum affine algebra we get a minimal 
affinization whose g-character is known (see references in the introduction 
of |H3j ) . Its image by (/>„ is Yi^qYi q-s. which does not occur in the g-character 
of the simple Z//q(s/4'"")-module Vi of highest monomial lo,i^2,<j4- This is a 
particular case of the elimination theorem [H21 Theorem 5.1]. In fact the 
dominant monomials in 4>n{Xq(y)) a-^e ^o,i^2,(j4, ^2,92 and Yi^qYi qi and they 
occur with multiplicity 1. As the first two ones occur in the g-character of 
Vi with multiplicity 1, we get 

(t^n{Xq{V)) = Xq{Vl) + Xq{V2) 
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where V2 is the simple Uq{sl^f^)-modvL\e Vi of highest monomial 10,1^2,54- 
In particular the positivity Conjecture 15.31 holds in this case. 

References 

[B] J. Beck, Braid group action and quantum affine algebras, Comm. Math. Phys. 165, 
no. 3, 555-568 (1994). 

[C] I. Cherednik, Double ajfine Hecke algebras and Macdonald's conjectures, Ann. of 
Math. (2) 141 (1995), no. 1, 191-216 

[CP] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge University 
Press, Cambridge (1994) 

[D] V. Drinfeld, A new realization of Yangians and of quantum affine algebras, Soviet 
Math. Dokl. 36, no. 2, 212-216 (1988) 

[EK] N. Enomoto and M. Kashiwara, Symmetric crystals for gloo Publ. Res. Inst. 
Math. Sci. 44 (2008), no. 3, 837-891 

[FMl] E. Frenkel and E. Mukhin, Combinatorics of q-Characters of Finite- 
Dimensional Representations of Quantum Affine Algebras, Comm. Math. Phys. 216 
(2001), no. 1, 23-57 

[FM2] E. Frenkel and E. Mukhin, The H op f algebra Rep{Uqgl^), Selecta Math. (N.S.) 
8 (2002), no. 4, 537-635 

[FR] E. Frenkel and N. Reshetikhin, The q-Characters of Representations of Quan- 
tum Affine Algebras and Deformations of W -Algebras, Recent Developments in 
Quantum AfRnc Algebras and related topics, Cont. Math., vol. 248, 163-205 (1999) 

[GKV] V. Ginzburg, M. Kapranov and E. Vasserot, Langlands reciprocity for al- 
gebraic surfaces. Math. Res. Lett. 2 (1995), no. 2, 147-160 

[HI] D. Hernandez, Representations of quantum affinizations and fusion product. 
Transform. Groups 10 (2005), no. 2, 163-200 

[H2] D. Hernandez, Smallness problem for quantum affine algebras and quiver varieties, 
Ann. Sci. Ecole Norm. Sup. (4) 41 (2008) , no. 2 , 271-306 

[H3] D. Hernandez, On minimal affinizations of representations of quantum groups. 
Comm. Math. Phys. 277 (2007), no. 1, 221-259 

[H4] D. Hernandez, Drinfeld coproduct, quantum fusion tensor category and applica- 
tions, Proc. London Math. Soc. (3) 95 (2007), no. 3, 567-608 

[H5] D. Hernandez, Kirillov- Reshetikhin conjecture : the general case. Int. Math. Res. 
Not. 2010, no. 1, 149-193 

[H6] D. Hernandez, Quantum toroidal algebras and their representations, Selecta Math. 
14 (2009), no. 3-4, 701-725 

[JL] N. Jacon and C. Lecouvey, Factorization of the Canonical bases for highest 
weight modules in affine type A, Preprint arXiv:0909.2954 

[JMMO] M. Jimbo, K. Misra, T. Miwa and M. Okado, Combinatorics of repre- 
sentations ofUq{sl{n)) at q = 0, Comm. Math. Phys. 136 (1991), 543-566. 

[Kac] V. Kac, Infinite dimensional Lie algebras, 3rd Edition, Cambridge University 
Press (1990) 

[Kas] M. Kashiwara, Crystal bases of modified quantized enveloping algebra, Duke 

Math. J. 73, no. 2, 383-413 (1994) 
[L] G. Lusztig, Introduction to quantum groups. Progress in Mathematics 110 (1993) 

Birkhauser Boston, Inc., Boston, MA 



20 



DAVID HERNANDEZ 



[LS] S. Levendorskii and Y. Soibelman, Quantum group Aoo, Comm. Math. Phys. 

140 (1991), no. 2, 399-414 
[M] K. Miki, Representations of quantum toroidal algebra Uq{sln+i,tor){n > 2), J. Math. 

Phys. 41 (2000), no. 10, 7079-7098 
[Nag] K. Nagao, K-theory of quiver varieties, q-Fock space and nonsymmetric Macdon- 

ald polynomials, Preprint arXiy:070_9,1767 
[Nakl] H. Nakajima, Quiver varieties and finite- dimensional representations of quan- 
tum affine algebras, J. Amer. Math. Soc. 14 (2001), no. 1, 145-238 
[Nak2] H. Nakajima, Quiver varieties and cluster algebras. Preprint arXiyT0905T0002| 
[TU] K. Takemura and D. Uglov, Representations of the quantum toroidal algebra 

on highest weight modules of the quantum affine algebra of type qIn, Publ. Res. Inst. 

Math. Sci. 35 (1999), no. 3, 407-450 
[VV] M. Varagnolo and E. Vasserot, Double-loop algebras and the Fock space, Invent. 

Math. 133 (1998), no. 1, 133-159 

CNRS - EcoLE PoLYTECHNiQUE, CMLS 91128 Palaiseau cedex - FRANCE 



